CemuHap 2

2.1 TloctynaTbl KBAHTOBOM T€OPHUM.

KBaHTOBasi Teopusi sIBJisleTCsl MaTeMaTHUECKOH MOJE/bI0 COBPEMEHHOTO MpEICTABJIEHUST O
(bU3HUECKUX CBOMCTBAX OKPYKAIOIIEr0 MUPA U (PU3UUECKHUX CUCTEM U3 KOTOPBIX OH COCTOMT.

OnucaHue MPOU3BOJILHONH (DU3UUECKOH CHCTEMbl OMHpAeTcs Ha TMOHSATHE cOCTOsIHUSA. B
K/JaCCHUECKOH TEOpHUH COCTOSIHME OIpeessieTcsl 3aJaHueM BCeX KOOpPAMHAT M CKOpOCTeH
COCTAaBHBIX 4YacTell CHCTeMbl B OMNpe/iesieHHbIE MOMeHT BpeMeHH. OJHAKO HECrnocoOGHOCTD
K/JIaCCHUECKOH TeOpUM JaTh ajJeKBaTHOe OMUCaHHe MHUKPOCHCTEM (aTOMbl, MOJIEKYJbI, Sijpa,
"s/eMeHTapHble YaCTUIIbl) TMpHUBeJa K HEeOOXOMMMOCTH [epecMoTpa TOHSATHS COCTOosiHMe. B
KBAHTOBOW TEOPHUH COCTOSIHUE OTIPEIesISIeTCs He MOJHBIM HaGOPOM UHCJIEHHbBIX 3HAUEHHWH KOOPAUHAT
1 CKOPOCTEH, a MEHbIIIMM YHCJIOM JIaHHbIX HHOU MPUPOJIBI.

B ocHoBe akcuamaTHuecKoW KBAHTOBOH TEOPHM JiexKaT CJELYIOlHe YTBEPXKAEHUST HJH
MOCTYJ1aThl:

— T0CTYJIaT COCTOSIHUS;

— MPHUHLHI CYNEePrO3ULHHU COCTOSTHUH;

— TI0CTYJIaT COOTBETCTBHS OMepaTop — (pU3nUecKast BeJUUHHA;
— noctyJaT 06 U3MEPEHHH;

— noctyJaT 00 3BOJIIOLUH COCTOSTHHUH.

Coneprkanue JaHHBIX MOCTYNATOB U (hOPMUPYET KBAHTOBO-MeXaHWUECKOE OMTMCaHne MUpa.

1. [loctyaar cocrosiHus:

KBaHTOBOe cocTosiHMe (WM COCTOSIHME). — 3TO MOJHBbIH HAabOp AAHHBIX ((PU3MUECKHUX
BEJIMUMH ), ONPeJIeJISIIOLMX CBOICTBA CUCTEMBI.

Kakue nMeHHO aHHbIe ONpeessiioT COCTOSIHUE 3aBUCUT OT KOHKPETHOM CHCTEMbl. B KBaHTOBOH
TEOPUH 3aJI0’KeH pellenT ornpeesaeHusi Takoro Habopa aaHHbIX. OQHAKO J1eTajlbHO 3TOT pelent
CTaHOBMTCS OUEBHUJIEH TTOCJ/e (POPMYJTUPOBKH BCEX MPHUHIIMIOB KBAHTOBON TEOPUH:

2. [IpyHUMN cyneprno3ullMU COCTOSIHUM.

[IpyHLMN Cyneprno3uLMKU KBAHTOBBbIX COCTOSIHMI YTBEp:KJIaeT, UTO MeXJIy COCTOSIHUSIMU
CYILIECTBYIOT 0COOble COOTHOLLIEHHS, KOTOPbIE MPOSIBJISIOTCS BeCbMa "9K30THUECKHM ' crtoco6oM. A
MMEHHO, €CJIH CUCTeMA HAXOAUTCS B ONPEIeIEHHOM COCTOSIHUM, TO MO2KHO, OIHOBPEMEHHO, CUNTATh,
UTO OHA HAXOJMUTCS OTUACTH B JBYX WJIH HECKOJBKHUX JPYTHX COCTOSIHUSIX, WK B Cynepno3uuuu
COCTOSAAHHUH.

Cyneprosuiiusi KBAHTOBBIX COCTOSTHUE He MMeeT aHaJora B KJAaCCHUECKOH TEOPUH U SIBJISIETCS
yTBep:KaeHHeM, KoTopoe (opMyJupyeT MNPUHUMII HA OCHOBE CrelrasbHO pa3dpaboTaHHOro
MaTeMaTHuecKoro anrnapara u cxeMbl ero npumMeHenusi. Cxema sipsisietcst puanueckon Teopued, ecan
yCTaHaBJIMBAIOTCS 3aKOHBI, CBSI3bIBAIOIIIME MATEMAaTHUECKHH anmapar ¢ puanuecku HabJI01aeMbIMHU
MpoLeCCaMU U sIBJIEHUSIMU. FIMEHHO 5TH 3aKOHBI 1 OTPEESIOT KBAHTOBYIO TEOPUIO B 1IEJIOM.

[TocTpoeHune cxeMbl KBAHTOBOK T€OPHHM OCHOBAHO Ha BBEJIEHUH MaTeMaTHUECKHX COOTHOLLIEHHH,
ONpeessIIoIUMX NPUHLUMIT Cyrneprnos3ulu. 1o cmblcay, cyneprnosuiusi COCTOSIHMN Onepupyer ¢
BeJIMUMHAMM, KOTOPbIE MOYKHO "CKJIa/IbIBaTh", MOJIyuasi BEJIMUMHbBI TOTO XKe pojia. Tak Kak coCcTosiHHe



— COBOKYIHBI Ha0Op JaHHbIX, TO, MOXHO MPEANOJOKHUTb, UTO COCTOSIHME €CTb OO'bEKT THIa
"BekTopa'". B KBaHTOBOM T€OpPUH "BEKTOP COCTOSTHUS" MJIM MPOCTO BEKTOP 0603HAUAETCS CUMBOJIOM
| ). Ecain kakoii-to HaGop JaHHBIX, ONPEESIONIUX CUCTeMY, 0603HAUUTL OYKBOK @, TO BEKTOP
cocTosiHusi Gy/leT UMeTb BHJ |a). BeKTopbl MHBIX COCTOSIHUME WM HAGOPOB JAaHHBIX MOTYT ObITh
o6osHauensl |b), |n), |¥), |a,b,c...) HT.IL.

IlonyckaeTcst, 4TO BBeJIeHHbIE BEKTOPbI MOXKHO YMHOXKaTb Ha KOMIUIEKCHOE UMCJIO ¢|a) H
CKJIa/IbIBaTh MexK1y coO0M, 06pa3ysi HOBble BEKTOPbI, HAalIpUMeP:

c) =cila) + e b)), (2.1)

rjae ¢y U ¢ — KOMIIJIEKCHbBIE€ YHCJla. Huu B 061116M cJyyae:

k
) = cnlan), (2.2)

TJ€ ¢, — KOMIJIEKCHbIE UUCJIa.
Ecain BekTOp |a,d, x ... ) 3aBUCUT OT MapaMeTpa x, TO B CUJIy BO3MOYKHOCTH CJI02KEHH ST BEKTOPOB
MOZKHO IPOMHTETPUPOBATH BEKTOP MO & U MOJYUHTb HOBBIH BEKTOP:

ly) :/ya,d,x...> dr. (2.3)

Ecau npoucxoaut cyneprosulust AByX WJH GOJbLIEr0 YMCJIa COCTOSIHUH, TO MOPSIIOK B KOTOPOM
BBITIOJIHSIETCS]  CYNepro3uLiMs COCTOSIHUI HecyllecTBeHeH. Kpome Toro, ecsn Ko3(pduLHeHTbI
CYNeprno3uLMH He PaBHbl HYJIO, TO COOTHOLUEHHE CYMEepHO3ULMH MEeXKIy BCEMH COCTOSIHUSIMH
cummerpuuHo. Tak B ([2.1]) BekTop cocTosinus |a) MoxkeT GbITh 06pa30oBaH Cyrneprosuiieli BEKTOPOB
COCTOSIHUI |¢) U |b). AHaJIOTHUHO BEKTOp COCTOsIHUS |b) MOXKeT ObiTh 06pa3oBaH Cyneprosuiine
BEKTOPOB COCTOSIHUIA |a) 1 |c).

KBanToBast Teopusi BBOAUT OU€Hb BaXKHOE MPENON0KEHHE O TOM, UTO COCTOSTHUE OTIPeJIeNISIeTCs
JIMILLb "HarpaBJeHueM" BEKTOpa, a He ero "'BesuuHoi”. TakuM o6pa3oM cyrneprnosuilnst COCTOSTHHUS
C caMUM COOOH MPUBOJUT K MOSIBJIEHHIO HOBOTO COCTOSIHUS, TO €CTh!

c1la) + e lay = (¢ + ¢2) |a) = |a) . (2.4)

Bekrop (¢1+¢3) |a) cOOTBETCTBYET TOMY 7K€ COCTOSIHHIO, UTO U BEKTOP |a) (e ¢;+co # 0). D10
03HAYaeT, uTo €CJU BEKTOP COCTOSIHUSI YMHOXKHUTD Ha J1000€e He PaBHOE HYJII0O KOMIJIEKCHOE
YUCJI0, TO MOJYYEHHbI BEKTOP COOTBETCTBYET TOMY XK€ KBAHTOBOMY COCTOSIHHIO. DTO
YTBEPKIEHHE OMpeE/IesisieT KOPEHHOe Pas3jiiuke MEXJy MOHSTHSIMH KBAHTOBOH M KJaCCHUECKOM
CyTepPIO3ULHH.

Ecin pasencrBo ([2.1)) yMHOXKHTL Ha KOMIUIEKCHOE YHCJIO «, TO, TaK KaK BEKTOp «|c) He
MEHsIET COCTOSIHUSI |¢), A/t onpenenennst cocrosinus |¢) B (2.1]) cyulecTBeHHO JHIIb OTHOLIEHHE
KOS PUIHEHTOB ¢ U ¢o. MM, APYrMMH CJI0BaMH, CyNepro3nLis IBYX COCTOSIHUI OrpejesieTcst
OJIHUM KOMIIIEKCHBIM UMCJIOM HJIH IByMSi BELLIECTBEHHBIMHU TTapaMeTpaMH.

B ucrnosib30BaHHBIX  Bbillle  TMOHSITUSIX  BEKTOD  COCTOSIHMSI — sIBJIieTCSi  aOGCTPAKTHBIM
MaTeMaTHUeCKMM CHMBOJIOM, HE CBSI3aHHBIM C KaKMM-J1M60 uncjoM. UToGbl HMeTh BO3MOXKHOCTD



OnepupoBaTb € CHUMBOJIAMH COCTOSIHUH HEOOXOAMMO YCTAHOBUTb COOTBETCTBHE MEXKJy
aOCTPaKTHBIMU CUMBOJIAMH COCTOSIHHS M, B OOLLEM CJlyuae, KOMIJIEKCHBIMH UHCJIaMHU.

C 3To#l LiesIblo B KBAHTOBOH TEOPHH ONpPeJIesisioTCs ABA BUAA BEKTOPOB COCTOSIHUIA.

[lycTb umeeTcst uncso «, KoTopoe OyleM CUMTATh COOTBETCTBYIOILMM BeKTOpPY |a). Uucao
(v paccMaTpuBaeTCsl B KBAHTOBOH TeOpHM Kak 'CKaJsipHoe" Tpou3BeleHHe BeKTopa |a) Ha
HEKOTOPBIA "HOBBIH" BHJ BeKTOpa. DTH "HOBbIE" BeKTOpbI 0603HauatoTcsi cumBosiom ( | Econ
HY?KHO 0003HAYUTb 3TOT BEKTOP KaKHM-TO HaGOPOM MepeMeHHbIX, Hanpumep b, TO UCMOJb3yeTCs]
o603HaueHue (b|.

CkaJsisipHoe 1pou3Be/ieHde "HOBOro" BekTopa (b| U OIpesiesieHHOro paHee BEKTOpa COCTOSIHUS
la) oGoanauaercst (b |a>. Takomy ckansipHOMy MpPOM3BELCHHUIO IIPUITUCLIBAETCS CBOHCTBO
KOMIIJIEKCHOTO 4McJla. B KBAaHTOBOH TeOpHM MNpPUHATA CJjeaylollas TePMHHOJIOTHS: BEKTOPbI
BUJA |a) Ha3bIBalOTCS KeT-BeKTopamu, a Buaa (b| 6pa-Bekropamu. Takasi TepMHHOJIOTHS
BBe/leHa Jlupakom H rpou3oliia oT aHIVIMACKoro cyoBa bracket (cko6Ka ), ycJlOBHbIM padbueHrem
3TOro CJIoBa Ha JBe uactu (bra|—6pa-Bekrtop, |ket)—KeT-BeKTop.

BBeneHHoe  cKasisipHOE  NPOM3BEACHHME  JIO/DKHO — 00€CHEeUMTb  BbLIMOJHEHHE [PUHLMIA
CYNepro3ulii, TO eCTh ObITh JIMHEHHOH (DYHKIMEH COCTOSIHUS. YCJOBHEM TOTO, UTO CKaJsipHOe
NpoM3Be/IEHNE SIBJISIETCS JUHEHHOM (DYHKIIMEH OT |a), ecTh cJieIylollee BhlpaXKeHHe:

(0] {c1 |a) + 2 |a)} = c1{b|a) + c2(b]a), (2.5)

TJIe ¢4 M Cy — MPOU3BOJIbHbIE KOMIIJIEKCHbIE UHCIIA.
Bpa-BekTop onpeiesieH MoJHOCTBIO, €CJIH 3a1aH0 €ro CKaJsIpHOE MPOU3BE/IEHHE C JIIOOIM KeT—
BekTopoM. Tak, HarmpuMep, ecyiu cKaJsisipHOe TPOU3BeJieHHe PaBHO HyJll0, TO U caMm (bra|-BekTop
paBeH HyJIIO.
Cymma Byx 6pa-BeKTopoB (b| + (c| onpesiesisieTcst U3 yCIOBHS:

{(b] + {c|} |a) = <b}a>—i—<c‘a>. (2.6)
[TpousBesienue Gpa-BeKTOpa Ha KOMIJIEKCHOE YHCJIO ¢ OTPEIESIeTCsT PABEHCTBOM:
{c(b]} |a) = c(b]a). (2.7)

Ha ocnoBanun (2.5), (2.6) sicro, uro onpeneseHHoe Bblllie CKaJsipHOE IPOM3BELEHHE
YIOBJIETBOPSIET AUCTPUOYTHBHOMY 3aKoHy ymHOXKeHus1, a u3 (2.9)), ([2.7)) Bbitexaer, uto ymHOKeHHE
Opa- U KeT-BEKTOPOB HA UUCJIO YIOBJIETBOPSET OOBIUHON ajrebpe Unced.

B KBaHTOBOI Teopuu BBOJAMUTCS ClellMaJIbHOE TPEANOJIOXKEHHE O B3aUMOCBA3H Opa- U KeT-
BEKTOpPOB. Bpa-BeKTop, COOTBETCTBYIOIIMI KeT-BeKTopy |a) , o6o3Hauaetcs (a|. Bpa-Bektop,
COOTBETCTBYIOLIMI CyMMe KeT-BEKTOPOB |a) + |b), siBaisieTcsi cymmoit 6pa-Bektopos (a| + (b|. bpa-
BEKTOP, COOTBETCTBYIOLIUI KET-BEKTOPY ¢ |a), paBeH ¢* (al, 31eCch ¢ — KOMIIEKCHOE UHCJIO, a ¢* —
KOMIIJIEKCHO COMPsIKEHHOE YncJ10. B o6111eM BHie MOXKHO 3anucathb

(al=(la)"  w )= (a), (2.8)

riae T — 3HAYOK COMpsiKeHHs (COOTBETCTBHUSI JIBYX THIIOB BeKTOpoB). Hmxke mokasano, uto 3ToT
3HAUYOK COOTBETCTBYET OlEepallii SPMHUTOBCKOTO COMPSIZKEHHUS.

BsanMHO-01HO3HAUHOE COOTBETCTBUE Opa- M KeT-BEKTOPOB O3HAUAEeT, UTO JIl0O0e COCTOSIHUE
CUCTEMbl MOXKET ObITh OXapaKTepU30BaHO Kak "HamnpaBjeHreM" BEKTOpPa KeT, TakK U HarnpaBJjeHueM
BekTopa 6pa. To ecThb, Teopusi CHMMETPUUHA OTHOCHTEJBHO STHX JBYX BU/I0B BEKTOPOB.
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Ecsn nanbl Ba BekTOopa |a) W |b), TO cKassipHOe TPOM3BeNEeHHEe U3 HUX oOpasyercsi B BHJE
(b|a). Yncio, cooTBeTCTBYIOLIEE STOMY CKAJSPHOMY NPOM3BEIEHHIO 3aBUCHT JIMHEHHO OT |a) H
AHTUJIMHERHO OT |b). 3/1eCh 10/l aHTHJIMHEHHOCTbIO MOHUMAETCs] 3aBUCHMOCTD TIPH KOTOPO# YKCJI0,
o6pasoBanHoe u3 |b) + |V/) ectb cymma umcesn oGpaszoBaHHbIX WX |b) u |[b') npu ckassipHOM
MPOU3BEJIEHUH C |a); a urcsio o6pa3oBaHHOE U3 MPOU3BeJeHHs BekTopa « |b) (v —KOMIIEKCHOe
UMCJ0) C BEKTOPOM |a) paBHO YMHOXKEHHOMY Ha « uucsy, o6pa3oBaHHOMY M3 CKaJssipHOTO
npousBeneHus |b) u |a). Beanuuny, koTopasi IMHEHHO 3aBUCHT OT |a) U aHTUJHHEHHO OT |b), MOXKHO
MOCTPOUTD, KPOME TOTO, B3SIB KOMITIEKCHO-COMPSIXKEHHYIO BETMUMHY OT CKaJISIPHOTO MPOU3BEIEHHS
BekTOpa |b) Ha Opa-BeKTOp, COMPSIKEHHBIN |a). B TeopuH KBAHTOBBIX COCTOSIHUE BBOJUTCS
TPEJINOoJI0KEHHE, UTO ITH UUC/Ia PABHbIL:

<b‘a> = <a‘b>*. (2.9)

Ecm eioparts B (2.9) [b) = |a), To BuaHO, uTo unco {a |a) — BewecTenHo 1 B cayyae {a |a) # 0
MOJI0XKHTENILHO OMPEIENIEHO:

<a}a> > 0. (2.10)

YuuteiBasi "reoMeTpuUuecKylo”" TEPMHHOJIOTHIO JUIS PAacCMaTpPUBAaeMbIX OOBEKTOB (BEKTOPHI
COCTOSIHUSI), MOXKHO TOBOPHMTb O TIPOCTPAHCTBE BEKTOPOB COCTOsIHME. B paccmarpuBaemMom
MPOCTPAHCTBE BEKTOPOB COCTOSIHUI, BEKTOPHI |a) U |b) HA3bIBAIOTCSI OPTOTOHAJAbHBIMH, €CJIH

(a|b) = 0. (2.11)

JvHa BeKTopa COCTOSIHUS ONpPeesieTcsl PABEHCTBOM:

lall = y/{a|a). (2.12)

Tak kak /151 BeKTOpa COCTOSIHUS CYLLeCTBEHHO JIMLIb "HarpasJieHHe", To OH OfpejiesieH C TOUHOCTbIO
JI0 MIPOM3BOJILHOIO UMCJIEHHOrO MHOXKHMTeJs. [109TOMy MOXKHO NPHHATHL COMVIAlEHHE O €IMHOH
JUIMHE paccMaTPUBAEMbIX BEKTOPOB COTOSIHUS, KOTOPYIO y100HO BBIOPATh paBHOM eauHuLe. Tako#
BbIOOP JUIMHBI BEKTOpaA HA3bIBA€TCs HOPMUPOBKOM, a BEKTOp — HOpMHUpoBaHHbIM. HopMupoBka
BEKTOpPa COCTOSIHMA HE ONPEIesseT ero MOJHOCTbIO, TAaK KaK HOPMHPOBAHHBLIH BEKTOpP BCe ellle
MOKHO YMHOXKHMTb Ha KOMIIJIEKCHOE UUCJIO 110 MOJLYJII0 PABHOE €AMHULIE, UTO HE M3MEHUT €IMHUUYHON
JUIMHBI BEKTOPA, a MOJIyUeHHbIH BEKTOp OyJIeT COOTBETCTBOBATH TOMY K€ COCTOSIHHIO:

la) = €% |a) © — Re. (2.13)

OrnpenesieHHOe Bbillle "MPOCTPAHCTBO" KBAHTOBBIX COCTOSIHHH COOTBETCTBYET H3BECTHOMY

B MareMmaTtuke [UIb6epTOBY TPOCTPAHCTBY, a BEKTOP COCTOsIHMS — Jiyuy B [Uab6epToBOM
NPOCTPAHCTBE.

Haist cnipaBku: [Map6epTOBO NPOCTPAHCTBO (CTAHAAPTHO TAKOE MPOCTPAHCTBO 0O03HAUAETCS
cumBoJsiom H) 370!

a) BEKTOPHOE MPOCTPAHCTBO KoMIuieKcHbIX unces C. OGo3Hauenue Bektopa (Wi Jjyda) B H
TIPUHSATO B BUJIE: |a);



6) MPOCTPAHCTBO C OTpPENeIEHHBIM CKaJISiPHbIM MPOU3BEIEHHEM <a‘b>, YIIOBJIETBOPAIOLIUM
CJICNIYIOIIMM CBOHUCTBAM:

— TI0JIOXKHTeJIbHASK onpeseienHocth — (a |a) > 0.,

— JIMHEHHOCTb — <a ‘clb + C2C> = cl<a ‘b> + 02<a

c>, TJe ¢ U ¢y — KOMIJIEKCHBIE YHCJIA,

— spmutoBckoe conpsikenne — (a |[b) = (bla)’;

B) MPOCTPAHCTBO HOPMHPOBaHOE 110 HopMe ||al| = 1/(a |a).

[TycTh KaKIOMY KeT-BEKTOPY KBAHTOBOTO COCTOSIHHSI |T) COOTBETCTBYET HEKOTOPBIH KeT-
BeKTOp |y). B 3TOM cilyuae MOXKHO cKaszaTb, UTO BEKTOP |y) sBasieTcs pyHKUMel F' BekTopa |x).
YT0o6bl BBITIOMHSAJICS TPUHLMI CYTNIEPIIO3UIMHM COCTOSIHUI 3Ta (YHKIHMS JOKHA ObITh JIHHEHHOM.
[TepeBoj cocCTOsiHMS |r) B COCTOSIHHE |y) MOXKHO paccMaTpuBaTh KaK JIeHCTBHE JIMHEHHOTO
onpepatopa F ("wuisinka" Hajg GyKBOI OT/IHUAET CHMBOJ orepatopa). CHMBOJIMUECKH OMepalis
npeoGpa3oBaHusi BEKTOpA |x) B BEKTOP |y) 0603HAUAETCST COOTHOLLIEHHEM:

ly) = Fla). (2.14)

Ecan s oGBIX BEKTOPOB |x) BbimosmsieTcs: paBenctBo F' |z) = \|z), rae A uncio, ornepatop
siBAsiercst unegoM = X Orepatop MOKeT GbITh paBeH HyJlO, eAMHHLE U T.IL. B cooTBeTcTBUM
¢ (|2.14]), uncaio siBssieTCs YaCTHBIM CJlydaeM oreparopa.

J1J151 IMHEAHOT0 orepatopa £ BEIMOJHSETCS PABEHCTBO:

F(er|a1) + ez |2)) = 1 F |21) + oo F |23) (2.15)

TJI€ C1, Co — TIPOU3BOJIbHbIE KOMIJIEKCHbBIE YHCJIA.
Onepatopbl MOXKHO CKJ1a/IbIBATh (BBIUMTATD ) MO MPaBUIY:

(Fl iﬁz) ) = 1 [2) £ By |2) . (2.16)

JIBa oniepatopa A u B paBHbI, ecJiii jyisi IPOU3BOJBHEIX cocTosinmil A [z) = B |z). CuMBo/HueCKH
TO paBEHCTBO HMeeT B A = B.

[pousBeneHue JByX 0MepaTopoB OMpeesieTcst Kak pedyJ/ibTaT Moc/e10BaTebHOr0 IeHCTBHS
5THX OMepaTopoB Ha BEKTOP cocTosumusi. Tak B npousseicHiu A - B cHauaia BbIUMCASETCS
JleficTBHe orepaTopa B Ha BeKTOp COCTOSIHMS |x), a 3aTeM jeficTBMe onepatopa A Ha BeKTOp
B |z). OnpesieieHne pou3BeeHHs IBYX ONepaTopoB JIerko 0606LaeTCs! Ha C/Tyuaii IPOH3BEIeHH s
TPOU3BOJILHOTO UKCJ1a OMepaTopoB (Moc/e0BaTebHOE IEHCTBHE OTlepaTopaMu CripaBa Ha JIeBO ).

B ofwem ciysae A - Blz) # B - A|x) npn mpousBOMBHBIX |#), TO eCcTb orepaTopsbl
He KOMMYTHPYIOT (He TepecTaBJsiloTCs) B MPOM3BENeHHH. B Cu/y MNPOM3BOJNBLHOCTH |x) 3TO
COOTHOLLIEHHE MOYKHO 3amicath B oriepaTopoM Bue A - B # B - A.

Uro6bl - 0XapaKTepu3oBaTh BO3MOXKHOCTb HJIM  [PABUJIO NEPECTAHOBKM OMEpaTopoB B

NPOU3BEJICHUH BBOJUTCS MOHSITHE KOMMYTaTopa ABYX ornepatopoB. KommytaTop onepatopos A

U B o603HauaeTcsi CHMBOJIOM |:A, B] h onpeaeasdaeTcs paBeHCTBOM:

A

[A,B]EA'B—B'A. (2.17)



Ecau xoMmyratop JByX OMepaTopoB paBeH HyJI0, TO TakKue OMepaTopbl Ha3bIBAIOTCS
KoMMyTHpyIolMi A - B = B - A. Ec/in KOMMyTaTop 0repaTtopoB He paBeH HYJII0, TO MPABHJIO
nepecTaHOBKH OMepaTopoB ornpejiesisieTcs BbipazkenueM ([2.17)).

Llenas nosioKuTeJbHAsl CTENEHb ONEPATOPA ONPEIEsIeTCs PABEHCTBOM

A"=A-A-A.. A. (2.18)

OGpatHbiit onepaTop K A o6o3nauaercst kak A~1. O6parHblil onepatop onpee/ieH ToJbKO TOr/a,
Korja ypaBHenue A |xr) = |y) paspernumo oTHOCHTesbHO |7). B atoM cayuae |z) = A~!|y). Tlo
onpeJie/IeHHIO:

AV A=A At =1, [A,A—l} — 0. (2.19)

®dyHKuMS OT onepaTopa onpese/sieTcs Mo aHaJOrHK ¢ pasJioxKeHreM (yHKLHUHU B psaa Teitnopa
(ecsii TaKoe pasJioyKeHHe BO3MOXKHO ):

i L po )- A F™(0) = o"Flz) (2.20)

n! oz

Bblile paccMoTpeHo JieficTBHE OMepaTopoB Ha KeT-cocTosiHus. [lisi onpenesieHusi cMmbiciia
JIfiCTBHST OMepaTopoB Ha GPa-COCTOSHUST PACCMOTPHM CcKassipHoe rnpoussesenue (b| ¢ F'a).
JlanHoe MpPOM3BEEHHE, M0 OMPENeJIEHHI0 — UHCJIO0 JIHHEHHO 3aBHCsIlee OT Bektopa Fla) u B
COOTBETCTBHH C OTpeieieHHeM Gpa-BeKTOPa MOXKET paCCMaTPUBATLCSI KAK MPOU3BEIEHHE BEKTOPa
|a) Ha HekoTOpBIA Gpa-BeKTOp. OMpeiesieHHbIH TAKUM 06pa3oM Gpa-BEKTOpP 3aBUCHT JIHHEHHO OT
(b, TaKk uTO €ro MOXKHO pacCMaTPUBATh KaK Pe3yJibTaT JAeHCTBUSI HEKOTOPOTO JIHHEHHOTO orepatopa
Ha (b|. DTOT JMHEIHbIH OTIePaTOP ONPEIESETCS ONepaTopoM F' 1 €ro eCTeCTBEHHO CUHTATH TEM Ke
CaMbIM OMepaTopoM, JIeHCTBYIOLIUM Ha Opa-BEKTOP.

bpa-Bekrtop, nosyueHHbIl B pedyJibTaTe NeHCTBUS ollepatopa F na (b| yno6Ho 0603HaunTH B

BUE: (

, TAK 4TO ypaBHEHHUE, ONpeieisiollee BEKTOp {<b| F} MMeeT B

(F'b|a) = (b|Fa) = (b F | a). (2.21)

Oneparop, ymposJerBopsitouit  yesaosuio  (2.21))  HasbiBaercss  camMoCONpsRKeHHBIM WM
5PMHTOBCKHM, UYTO CHMBOJIMUECKH BBIPaXKAaeTCst OnepaTopHbIM paBeHcTBOM A = AT, VuurbiBas
orepaumio ConpsikeHus: 6pa — M KeT — COCTOSIHMH $ICHO, UTO 3Ta Olepauusi COOTBETCTBYET
OrepaLii SPMUTOBCKOTO COMPSIKEHHS.

Ecan oniepatopbi A i B — caMocornpsikeHHbIe, TO H CyMMa 0repaTopoB A+ B — Takke siB/sieTcst
CaMOCOIPsIKEHHOM OIepaTOPOM.

PaccmoTpum cootHoluenue ([2.21)) st nmpousBeseHHust caMocorpsiKeHHbIX onepaTtopoB. [lo
orpee/IeHHIO

Y= ((A-B)b|a). (2.22)

~ A

Taxum o6pasom (AB)! = BVAT. B pesyasrate onepatop R = A - B—camocomnpsikeH, eciu
[A, Bﬂ = 0. Oneparopel A- B+ B-Aun i(/l .B—B- A)— BCETJla CaMOCONPsizKeHbl (J10Ka3aTh

CaMOCTOSITEJIBHO).



[Tomumo ckaJjisipHOro Mpou3BejieHHsi Opa- M KET-BEKTOPOB MOXKHO pPacCMOTPeTb HX
npousBesieHne ciaenywoniero Buaa |a) (b|. CkaJsipHo yMHOXKasi J@HHOE MPOM3BEIEHHE Ha
MPOM3BOJILHBIN BEKTOP |x) crpaBa, MOJYyYdM BEKTOP |a) YMHOXKEHHbIH Ha YHCJIO <b{x>, TO
€CTb HOBBIF KeT-BEKTOp, KOTOPbIH JHUHEHHO 3aBUCHT OT BekTopa |x). Takum oGpasom, |a) (b|—
ecTb JIMHEHHBIH onepatop, KOTOPbIH AEHCTBYET HA KeT-BEKTOPbl. YMHOxKas |a) (b| Ha Gpa-BeKTOp
(| cneBa mosyunm Gpa-sektop (b], ymHOKeHHbBII Ha unciao (x |a). To ectb |a) (b|— moxer
paccMaTpHBaThCsi Kak oreparop, AeACTBYIOIIME Kak Ha Opa- Tak M Ha KeT-COCTOsIHHE, [IPU ITOM

(la) B1)" = [} {al. (2.23)

3. [Mocrynar cooTBeTcTBUS onepaTop—¢u3nuecKas BeJHUrHa.

Kak oTmeuasioch paHee, HarpaB/eHusi 6pa- WJH KET-BEKTOPOB COOTBETCTBYIOT COCTOSIHUSIM
(hu3uueCcKoil CUCTEMbI B OrNpejie/ieHHbIH MOMeHT BpeMeHHu. Cieyiolliee yTBepKIeHHE KBAHTOBON
TEOPUH COCTOUT B TOM, UTO JMHAMMUYECKHM ME€PEMEHHbIM CHCTEMbl COOTBETCTBYIOT JIMHEHHbIE
CaMOCOMpPsiXKEHHbIE OMepaTopbl (B TOT K& MOMEHT BPEMEHH ).

JuvHaMuvecKMMH NepeMeHHbIMU Ha3bIBaIOTCS (PU3UUECKHE BEJTHUHHBI, HCTIOJIb3YIOIIHECs MPH
KJIACCHUECKOM OINHCAHUK CHCTEMbI (KOOPAMHATbI, CKOPOCTH, MMIMYJIbChl, MOMEHTbI HMITYJbCOB,
SHEPTHsl, a TaK Ke PYHKIUHU OT ITHX BEJIUUMH U T.I1.).

Takum o6pazom BBOJUTCS yTBEPXKIEHHE:

JUHaAMUYecCKas nepeMeHHas = JUHENHbIH CaMOCOﬂpﬂ}KeHHbIﬁ oneparop

WM  npyrumMu  cioBamu  (pU3HUECKOH BesMuvHe F CTaBUTCSI B COOTBETCTBHME JIMHEHHbIN
CaMOCONPSAXKEHHbIN onepatop F: F' = F.
B KBaHTOBO# TeopuH MMeeT O0JIbLIOE 3HAUCHUE YpaBHEHHE BU/A:

Fla) = ala), (2.24)

rie « uucso. Ecom  ypaBHeHue (2.24) BemosnsioTest, TO o HasbiBaercs cOGCTBEHHBIM
3HaueHHeM orepatopa F, a BeKTop |a) — cOOGCTBEHHBIM BEKTOPOM JIMHEHHOTro omepatopa F.
CoOTBETCTBEHHO () ypaBHeHHe Ha COGCTBEHHBIE 3HAUCHHUST onepatopa k.

Pewienne ypasHenusi Buna (2.24]) moxer uMeTb MeCTo NpH pas/MUHbIX 3HAUEHUSIX o €
010 ... Q. .., (B TOM uMcsie U 00pasylollnX TMCKPeTHbIN psif unced). B sTom ciayudae:

Flay) = oy |an), (2.25)

rjle  KaxJaoMy COOCTBEHHOMY UYHCJY ¢y, COOTBETCTBYeT CBOH COOCTBEHHBIH BEKTOD |ay).
COBOKYITHOCTb BCEX (v, Ha3blBaeTCsl CNEKTPOM oneparopa. B cyuae, ecain ogHoMy co6CTBEHHOMY
UKCJTy COOTBETCTBYET HECKOJILKO BEKTOPOB COCTOSIHUH, CIIEKTP HA3bIBAETCS BBIPOXKIEHHDIM.

Flaw) = o lan), kel,2,...f, (2.26)

a f— Ha3bIBA€TCs1 KPATHOCTbLIO BBIPO2KIECHU .
II.HH CaMOCOIIPAKEHHBIX OIMMEPATOPOB BLIMOJHAIOTCA CJAEAYIOLIUEe YTBEPKACHH A, BbITEKAIOLIHE

u3 (2.26)), (2:25):

— coOCTBeHHbIe 3HAUEHHS] CaMOCOIIPAKEHHOI'O oriepaTopa — BEIIECTBEHHbIE YHUCJ1a,



— coOCTBeHHbIE 3HauYeHUs, COOTBETCTBYIOLIHE COINPAKECHHBIM 6pa- H  KeT-COCTOSHHSAM,
COBITaAaroT;

— Opa-BeKTOp, CONPSIKEHHbIH  KeT-BeKTOpY, sBJsETCsl COOCTBEHHbIM — Opa-BEKTOPOM,
OTHOCSILIUMCS K TOMY K€ COOCTBEHHOMY 3HAU€HHIO, UTO U KET-BEKTOp, U 00paTHO;

— cOOGCTBEHHbIE BEKTOPbI CAMOCOMPSXKEHHOTO OMepaTopa OPTOHOPMUPOBAHbI (OPTOTOHAJbHBI U
HOPMHpPOBaHhbI). B ciyuae, ecsin crieKTp ornepaTopa AUCKPETHbIH, YCJOBHE OPTOHOPMHUPOBKH
COCTOSIHUH UMeeT BUJL;

<an }am> = 5nm7 (227)
e d,,n— cuMBOJ KpoHekepa.

B ciiyuae, ecsiu criektp HenpepbiBeH, ypasHenue (2.25)) umeer ciieyronmit BUL
Flz) = alz) (2.28)

TO €CTb YpaBHEHHE UMEET pelleHUe MPH JIIOObIX 3HAYCHUSAX v HA OTPE3KE Mpmin < O < Mlnag-
YcsioBre OpTOHOPMHUPOBKHM COCTOSIHUHA B 9TOM CJIyuae eCTh:

(z]a) =d6(x — ). (2.29)
3nech 0(x) —nenpra-chyHkuus Jupaka.

— Habop COOCTBEHHbIX BEKTOPOB 3IPMHTOBCKOrO oriepatopa — MOJHbIH. YCJAOBHE MOJHOTHI
BEKTOPOB COCTOSIHUI MOKHO MPEJICTABUTh B popme:

SOy (] =1 /|a:) (2] do = 1. (2.30)

JnHamuueckue nepemMeHHble, COOCTBEHHbIE COCTOSIHMS KOTOPbIX 00pasyloT IOJHYK CHCTEMY,
HasblBaloTCsl HabJoaaeMbIMU. [Ipyrumu cjoBaMM, CBOHCTBO CHCTEMbI, KOTOpPOE MOXKeT ObITb
U3MEPEHO eCTb HAbJII01aeMast.

He Bcsikasi nuHamuueckasi repeMeHHasi B KOHKPETHOH (hH3HUeCKOH cucteMe o006Jalaer
JIOCTaTOUHbIM KOJIMYECTBOM COOCTBEHHBIX COCTOSIHMH, uTOObI 00pa3oBaTh IMOJIHYKO CHUCTEMY.
[lepemeHHbIE, COOCTBEHHbIE COCTOSIHUS KOTOPbIX He 00pa3yloT MOJHOH CHCTEMbI, HE SBJSAIOTCA
HaOJI0JaeMbIMH U HE MOTYT ObITh H3MEPEHBDI.

4. IMoctynat 06 u3MepeHUH.

B KBaHTOBOH TeOpUH MOCTYJUPYETCSl, UTO Ppe3yJbTaTOM MW3MepeHHUs JAMHAMHuYeCKOM
nepeMeHHOW (MJU (U3UYECKON BeJUUMHDbI) SIBJASETCS YUCJO, MPUHAAJEKAllee CMeKTPy
oneparopa 3Toil (pusnyeckoii BeanuuHnl. Kpome Toro, B pedyqabTate npouecca usmepeHus,
BEKTOP COCTOSIHUSI CUCTEMbI U3MEHSIETCSl U CTAHOBHUTCS COOCTBEHHBIM [/151 onepaTopa 3ToH
¢u3nueckoil BearuuHbl. Takum 06pa3om, ec/iu 10 U3MepeHnsi KBAaHTOBas CUCTEMA OMNpeiesiaach
BEKTOPOM COCTOSIHHSI [¢)) M B 3TOH CHCTeMe TPOBOJUTCS H3MEPeHHe BeJUUUHbl F', KOTOpOH
COOTBETCTBYET CAMOCONPSIKEHHbIH OnepaTop F, To:

A

a. HeOOXOJMMO OINPEJeJIUTb COOCTBEHHbIE BEKTOPbI M COOCTBEHHbIE uucJ/aa oneparopa [
(Harpumep, B cJydae IUCKPETHOTO HEBBIPOXKIEHHOTO CIEKTPa )

Fln)=foln), n=12..; (2.31)



6. pe3yJibTaTOM U3MePeHUsT MOKET ObITh TOJILKO OJIHO U3 UUCEJ fp;

B. BEPOSITHOCTb H3MEPEHHsT OMPEJeJIEHHOr0 uucja f, OMNpeNesisieTcsi KBaJApaToM MO/IyJist
Ko3(hhHLIMeHTa Pa3/I0KeHUsI COCTOSTHUS [t)) MO MOJHOMY HaGopy COCTOSIHUI |n).

W)= anln);  an=(nly), (2.32)
BeposiTHoCTh (f,) = [(n ]¢>|2 = (Y |n)(n|v) = (v| P, | ), (2.33)
s3necb P, = |n)(n|— onepatop npoekTHpoBaHWs Ha coctosiHue |n). OnepaTtop

MPOEKTHUPOBaHHsA YAOBJAECTBOPSIET OUEBHUAHBIM COOTHOILICHUSAM:

I. B pe3yJbTaTe M3MepeHHUsi COCTOsIHUE [t1)) MepexomuT (peayluupyercs) B cocTosiHue [¢)) =
|®,,) = |n), KoTOpoe siBJIsieTCs COOCTBEHHBIM Jyist oriepatopa F'. JIpyrumu cioBam, Jo6oe
nocJieslytoliee uamepernue Gu3nMuecKoi BeJMUnHbl F' B 3aJJlaHHON cUcTeMe GyeT MPUBOJIUTD C
BEPOSATHOCTHIO PABHON €AMHULE K 3HAUCHHIO BEJIUUUHBI f;,.

HopmupoBanHoe cocTosiHue nocsie uamepenusi |P,,) numeer BUJL

1
VL P)

Kak cnenyer u3 noctysnata o6 HM3MepeHHH (U3MUECKOH BeJMUMHBI MPOLLECC H3MEPEHHS B
KBAHTOBOH TEOPHUM HOCHT BepOSITHOCTHBIN XxapakTep. To ecThb Teopusi MpeiCKa3biBAeT JHIIb
BEPOSITHOCTb M3MEpeHHs] KOHKPETHOTo 3HaueHusi. MHoOrokpaTHoe MOBTOpEHHE H3MEpPEHHsT B
CHCTeMe MpejroJiaraeT Hajguuue aHcamOJ/si CHCTEM B COCTOSIHMH [i). B sToM ciyuae MoxHO
BHECTH MOHSATHE CPEIHEr0 3HaUeHHsT (DU3NUECKOH BEJIMUHHBI, KOTOpOe Gy/IeT MOJyueHO B pe3yJbTaTe
MHOTOKPATHBbIX M3MepeHHH B JaHHOM aHcambJje coctosHui. OO6G03HAUWM CcpeaHee 3HAUEHHe
BeJIMUMHBI F' cuMBOJIOM (F'), TOTJIa 110 OTIpe/ieIeHHIO TEOPHH BEPOSITHOCTH Ha OCHOBaHUH ([2.33)):

(F) =Y fo- ln|0)P =" ful@ |n)(n|v). (2.36)

|®n) = B l) . (2.35)

C yuerom ([2.32)),(2.31)) nanHoe paBeHCTBO MOKHO Pe0OPA30BATD CJIEIYIOLIIM 06Pa3OM:

(F) =Y (W F[n)(n|p) = (¢| F

F

). (2.37)

BoipaxeHnue <1/J‘ F | 1/1> — ONpeJieNisieT NMPABUJO BBIUMUCJCHHUS CPEIHEro 3HAUeHUsl POU3BOJbHON
(bU3HueCKON BeJIMUMHBI, TOJYUeHHOH B pe3ysbTaTe MHOTOKPATHOTO TOBTOPEHHS TIpoliecca
u3Mepenust F' B ancamb6iie COCTOSIHUI [1)).

N3 noctysnata cooTBeTCTBUSI onepatop—Quandeckasi BeJHUMHA U MocTyjata 00 U3MepeHHH
BbITEKAeT TeopeMa "TMPUHLMI  HEOMpelesieHHOCTH i (PU3UUeCKHX BeJMUHH", KoTopasi
(hopMysIUpyeTCs CaIeIYIOIIMM 00pa3oM:



A ~

Teopema FEcau 04 npoussosvHolX AUHELHbLX 3PMUMOBCKUX onepamopos F u M
BbINOAHAEMCA PABEHCMBO:

[ﬁ, M} — K, (2.38)

rae K — JIMHelHbIi 5PMHTOBCKHUI 0MepaTop, TO VIS ONepPaTOpPOB CPENHEKBAAPATHUHBIX OTK/JIOHEHHIT
AF?=(F— < F >)?u AM? = (M— < M >)? uMeeT MeCTo HepPaBEHCTBO:

(K?)
1

CozepxkatesibHasi YaCTh JaHHOH TEOPEMbI COCTOMT B TOM, UTO (PU3HUECKHEe BeJHUHHBI F' U M mMoryT
ObITb K3MEPEHbI TOUHO B OJITHOM COCTOSIHHM, TOJIbKO MPU YCJIOBHH, €CJIH UX OMEPATOPbl KOMMYTHPYIOT
JPYT C IPYTOM.

5. IB0JIIOLIMA KBAHTOBBIX COCTOSAHUM

KBaHTOBOE cOoCTOsiHUE peasibHOH (DU3MUECKON CHCTeMbl 3aBUCHUT OT BpeMeHH |¢(t)). PasButue
COCTOSIHUSI BO BPEMEHH (9BOJIIOLHS ) ONIPeJIe/IsieTCsi ypaBHEeHHEeM

(AF)*){((AM)?) > (2.39)

L, 0 3
tho, [U(t)) = H [$(1)) (2.40)

rie h— noctosiunas [lnanka, a H — HEKOTOPBIA CELMANbHBI CAMOCONPSKEHHbII OIepaTop,
KOTOPBIF HOCHT Ha3BaHHe orepaTop [aMuIbTOHA UK [aMUJIBTOHHAH CHCTEMBI U OTIPEIeISIeTCs KaK
CyMMa 0repaTopoB KHHETHUeCKoil sHeprin T’ 1 noTeHumanbHoi dynkimn U. H = T+ U. B cayuae,
ecJiM NoTeHUMa bHast yHKLMS He 3aBUCHUT OT BpeMeHH, U coBnajaer ¢ MoTeHlHalbHON SHepruen
CHCTeMbI. SIBHBIF BUJL 3THX OMEPATOPOB yCTAHABJINBAETCS B TEOPUH MPEJACTABIECHUH (CM. HHXKeE).

Ecmu, nanpumep, cocrosiHue |[i(t))— siBisieTcst COOCTBEHHBIM COCTOSIHMEM —orlepaTtopa
[amusbroHa

H[i(t, Ey)) = Eq [0(t, Ey)), (2.41)

T0, Kak cjeayer u3 (2.40), 3aBUCHMOCTb TaKOro COCTOSIHHSI OT BpEMEHH OIpeJessieTcs
BbIPaYKEHHEM:

(. By)) = exp (—i%t) B, (2.42)
3nech F, — sHeprusi cuctembl, a |E,)-co6CTBeHHbIH BekTOp ornepatopa H. B KBaHTOBO# Teopuu
cocrosinusi Tuna ([2.42)) Ha3bIBalOTCs CTALHOHAPHBIMH KBAHTOBBIMH COCTOSTHUSIMH.

DBOJIIOLHST COCTOSTHHMS [1)(1)) BO BpeMeHH MOKeT ObITh OMHCaHa Ha si3bIKe 0rlepaTopa BOJIOLHH,
KOTOPBIi CBSI3bIBAET COCTOSIHUS B Pa3/HUHble MOMEHTbI BpeMeHH. Tak, ec/ii B Haua/ bHbIil MOMEHT
t = 0 ucxoaHOe cocTostHHE 0603HAUUTD [1)(0)), TO COCTOSIHHE B MOMEHT BPEMEHH ¢ OrpejiesieTcst
BbIpasKeHHEM:

(1)) = U(t) [(0)) (2.43)

rae U(t)— oneparop sBoJiounu. [loacrabass () B () HETPYHO MOJYUUTb YpaBHEHHE ]IS
onpeJiesIeHUs1 orlepaTopa 9BOJIOLHUH:

B
ih=U = HU. (2.44)
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OueBuaHO, uto ecyiv H He 3aBUCHUT OT BPEMEHH, TO OIIEPaTOP IBOJIOLMH PaBeH:

U(t) = exp (—%H - t> : (2.45)

[TonBoasi utor opmMysMPOBKH OOLIMX MNPHHUMIIOB KBAHTOBOHW TEOPUM MOXKHO ellle pas
BEPHYTbCS K TIOHATHIO COCTOSIHUSI KBAHTOBOH CUCTeMbl. B onpenenennu cocTosinus yTBepKaaercs,
UTO COCTOSIHME — 3TO MOJIHBIA HAabOP MepeMeHHbIX, XapaKTepU3yloLUX cucTeMy. B obiem ciyuae
STOT HAbOP MepeMeHHbIX YCTAHABIUBAETCS KaK COBOKYMHOCTb (PU3HUECKUX BEJIMUHH, OMEepaTopbl
KOTOPbIX KOMMYTHPYIOT JIPYT C IPyrOM U KOMMYTHPYIOT C oriepaTopoM [amMusbToHa.

2.2 npeILCTaBJleHl/le KBAHTOBBIX COCTOSIHUH U oneparoposn

N3noxenHas Bblllle popmasibHasi aKCHOMAaTHUeCKasi CXeMa KBaHTOBOH Te€OPHH, MOCTPOEHHAs!
B BooOGpakaeMoM THJIbOEPTOBOM TPOCTPAHCTBE He siBJsieTcsl (PU3UUECKOH TeopueH, Tak Kak
He T03BOJISIET OTBETHTb HA BOMNPOC O TOM, KaK KOHKPETHO M3J/I0’KEHHble MPUHLMIIBI CBS3aHbI
¢ (pM3MUYECKUMH CHCTeMaMH M HabJlloJaeMbIMH, He yCTaHaBJMBAeT $IBHOTO BHJAA OINEPaTOPOB
(bM3MUYECKUX BEJHUMH U COOTBETCTBHS STHX OMEPATOPOB U3BECTHBIM MAaTEMATHUECKUM OMepaToOpaM.
dusnueckoe "0XKUBJeHHE" KBAHTOBOH TEOPHUU OCYLIECTBJSIETCS HAa OCHOBE TaK Ha3blBaeMOH
TEOPUH MpeJcTaBieHHi. Teopusi MpeiCTaBieHH YCTAaHABIMBAET CBsI3b KBAHTOBBIX COCTOSIHHH C
KOMIJIEKCHBIMH UM CJIAMH U OTIEPATOPOB C MaTeMaTHUECKUMH OTlepalusiMU HaJl 10JIeM KOMIJIEKCHBIX
upcels .

Kak caenyer u3 ornpeseneHuss KBAHTOBbIX COCTOSIHHH KOMIIJIEKCHbIE yucaa 00pasyloTesl MpH
CKaJISIPHOM MPOU3BE/IEHUH BEKTOPOB COCTOSTHUH.

Beenem crenytoliyio TepmuHosiornto. DByjeM HasbiBaTb BEKTOPbI COCTOSIHMH (DU3HUECKHX
BEJIMUKH CJIeYIOIIMM 06pa3oM (HHXKe © —KOOpAUHAaTa, p—HUMITYJIbC, FKF—3Heprus):

|z)— cocTosiHUe C onpejiesieHHbIM 3HaUeHHEM KOOPIMHATHI,

|p)— cocTosiHUe ¢ OTIpe/ieIeHHbIM 3HAUEHHEM HMITYJIbCa,

|E,,)— cocTosiHUe ¢ onpe/ie/ieHHbIM 3HaUeHHeM SHEPTHH,

| fn)— cocTosiHUE C OMpeiesieHHbIM 3HaueHneM (PU3UUECKON BesTMUMHbI F U T.1.

B Teopun npencrabiaeHnii BBOAUTCS NOHsATHE: (DYHKLMSI COCTOSIHUS B F'-npeacTaBJdeHUH 110
CJIelYIOLLEMY OTpeeeHHIO:

U cocromme (MpelicTaBiienne) = (mpejcTaBieHye |COCT0ﬂHHe>. (2.46)

B cootserctsun ¢ ([2.46)), Hanpumep, ciienyioliye cKassipHble MPOU3Be/IeHUsT OyLyT MMEHOBATHCSI:

(x ‘p>— (YHKIMSA COCTOSIHHSI C OTpe/ieJIeHHbIM 3HaueHHeM WMIYyJbCa B KOOPJAWHATHOM
npeJCTaBJIeH!H;

(p ]m>— (YHKLHMSI COCTOSIHUSI C ONpeJie/ieHHbIM 3HAaueHHeM KOOPJAMHATbI B HUMITYJIbCHOM
npe/iCTaB/IeH!H,;

(x ‘En>— (YHKIMS COCTOSIHHSI C OTNpe/ieJIeHHbIM 3HAueHHeM 3HEPTUH B KOOPJAMHATHOM
npeJiCTaB/IeHHH,;

<fn ‘A>— (bYHKLHMSI COCTOSIHUSI C ONpeJIesIeHHbIM 3HAaueHHeM (pU3HUecKOl BeJuuuHbl A B F'-
NpeJICTaBAEHUH U T.I1.

[To onpeneneHnto GyHKIMK HEKOTOPOTO COCTOSIHUS B OTIPeeJIeHHOM TPECTABJIEHHUH SBJISETCS
KOMIIJIEKCHBIM UHCJIOM WJIM KOMIIJIEKCHOH (PYHKIIMEH CBOUX MepeMeHHbIX, BbIUHUC/IEHHE KOTOPBIX
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OTpeJieJiIsieTCsl CTaHIAPTHBIMH, XOPOIIO M3BECTHBIMH MpaBUIaMHU TeOPUH (DYHKIMH KOMIIJIEKCHON
nepementoil. Ha ocnoannn (2.46) u ([2.9)) BuaHO, B KauecTBe BekTOpa MpeCTaBIeH s COCTOSTHHUIT
MOZKeT ObITb BEKTOP, COOTBETCTBYIOLIMI MPOU3BOJBHON TMHAMHUECKOH nepeMeHHoH. BoJee Toro,
MO CyTH MMeeTcsl TOJHas CUMMETPUSI MeXKy [epeMeHHbIMU, ONpeleNsiiolMMU COCTOSIHUE U
nepMeHHbIMH, OTIPeIEISIIOLIMMHU NpeacTaByeHue. [1o HCTopuuecKUM MpUuMHAM B KBAHTOBOH TEOPUU
KOOpJIMHATHOE TpeACTaBJeHHEe HUMEET, B OMNpPeNeJeHHOH CTereHH, MPeUMYLIeCTBeHOe 3HAaueHHe,
TaK KaK KBaHTOBasi MexaHWKa, rnoctpoeHHasi IllpenuHrepom B KOOpAMHATHOM MpeaCTaBJEHUH
MPUBOAUT K XOpoWO pa3paboTaHHOMY MaTeMaTHUecKOMYy Croco0y onucaHasi, OCHOBAHOMY Ha
petiennu quddepeHtranbHbix ypaBHenuid. [Ipu stom Up(z) = <x }E> Ha3bIBAeTCS BOJHOBOM
(hyHKIMEN B KOOPJMHATHOM TPEICTaBAEHUH. DHEPreTHUECKOoe MpecTaBaeHne OblJI0 HCMOIb30BAHO
[efizen6Geprom, npuBens Kk (HopMyJHPOBKE MATPUUHOH KBaHTOBOW MexaHWKW. [lo cyTH mMoxKHO
MOCTPOUTb HEOrPAHUUEHHOE UMCJIO MPEJICTABIECHUI KBAHTOBOM TEOPHH.

Anagiornuno cnoco6y 3agaHust COOTBETCTBUS COCTOSIHUI M KOMIIEKCHBIX PYHKLMH HEOOXOAUMO
BBECTH TpaBWJa 3ajlaHusl COOTBETCTBHSI JUIsl ONEpaTopoB, JEHCTBYIOUIMX B (hopMasjbHOM
MaTeMaTHuecKoM I'HbOepTOBOM MPOCTPAHCTBE, MAaTEMATHUECKUM OTepalysiM Orpe/ieJIeHHbIM Hajl
MoJieM KOMIJIEKCHBIX Yncest ((PyHKIMH ) B 3alaHHOM TIPEe/ICTaBIEHHH.

Jllo60e npeoGpazoBaHue BEKTOPOB COCTOSIHUN B [HIbOEPTOBOM NMPOCTPAHCTBE MOJ AEHCTBHEM
orneparopa, B 00LLeM cJiydae HMeeT BUJL:

~

|A) = $|B), (2.47)

rie S— Mpon3BOMBHEI orepatop. B KBaHTOBON TeOpHH /st DH3MUECKHX BEJHUHH H (ByHKLMI OT
HHX UCIOJIb3YIOTCS TOJBKO JIMHEHHbIE CAMOCOTPSI?KEHHbIE (SPMUTOBCKHE ) OTIEPATOPBI.

Yeranosum Bup cootHotuens (2.47]) B npoussosibHoM F-nipeacrasiennn. [1ycts dusuueckoi
BeJIMUMHE F' COOTBETCTBYET JIMHEHHbI PMUTOBCKHUI onepaTop F', coGCTBeHHbIe 3HAUEHHS f,
KOTOPOro, 00pa3ytoT IMCKPETHbIH CIEeKTP:

Fln)=fuln), n=12... (2.48)

Pasnoxenusi cocrosinnii |A) u | B) us ([2.47]) no nosHomy HaGopy COCTOSIHUEL |n) UMEIOT BUJL:
4) = "anln) =Y |n) (n|A) (2.49)
[B) =) buln) =) |n)(n|B) (2.50)

[Toncrasass ([2.49)), (2.50)) B (2.47]) n ymHOKasi nosiydeHHOE paBEHCTBO Ha (m|, HAXOAUM:

<m|A>:Z<m|§|n><n‘B>, m,n € 1,2... (2.51)

n
Ecam BBecTn it Kpatkoetn o6oaauenne (m|S|n) = S, To BuaHO, uTo ypasuenne (2.51)
SIBJIIETCS] MaTPUUHBIM ypaBHEHHEM, CBSI3bIBAIOIIUM HAOOP KOMIJIEKCHBIX UHMCEJI <m ‘A> (m =
1,2,...) ¢ HaBOPOM KOMIUJIEKCHBIX UYHCes <n|B> (n = 1,2,...). Kaxnaplil U3 3THX HaOOpOB
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o6pasyeT (hyHKIMH cocTosiHuA A uan B B F'—TnipejicTaB/IeH!H:

(1]4) S S S\ (LB
(2]4) Syr Sop . (21B)

= : (2.52)
(k|A) Skt Skz ool (k|B)

Takum o006pasoM, BEKTOp COCTOSIHHSI OIpeeseHHbIl HabopOM KOMIIJIEKCHBIX UYHCes <n A>
MOJlyuaeTcsl M3 BEKTOPA COCTOSIHHSI OIMPENEJEHHOr0 HaGOPOM KOMILIEKCHBIX uHcen (n |B)
MyTeM JEHCTBHsI OMepaTopa, UMEIOLIEero BHL MaTPHLbL S, 3JE€MEHTbl KOTOPOH Sy, HA3bIBAIOTCS
MaTPUUYHBIMH JIEMEHTaMM ornepaTopa S. ®akruuecku ([2.52)) u oTpesiesisieT BUJL oreparopa S F-
NpeJ/ICTaB/IeHHUH.

Paccmorpum oiMH TpUBHAJBHBIN, HO MOYUHTebHbII npuMep. [Tyctb onepatop S coBnazaer c
onepatopom F. B 5ToM ciyuae Ha OCHOBAHHH (- ) HMeeM:

{m| S (mn) = fubum, (2.53)

rne  Opm— cumBosa  Kponekepa. Takum o6pa3oMm, onepatop B CBOeM COOCTBEHHOM
npeacTaBJeHUM eCcTb JMaroHajdbHasi MaTpUllia, Ha TJaBHOW JMaroHaJu KOTOPOW CTOST
coOcTBeHHbIE yKca oneparopa

fi 00
- 0 f» O
F=lo 0 4 (2.54)

Kak cseayer U3 M3J/I0KEHHOro Bblllle pa3MepHOCTb MaTPHLLbl OlepaTopa OINpene/seTcss UUCAoM
coctosituii [n). Tak, ecsin onepatop UMeeT TOJILKO JIBa COOCTBEHHBIX COCTOSIHUS, TO OMEPATOPbI,
JICACTBYIOLIME B MPOCTPAHCTBE 3TUX JBYX COCTOSIHMH SIBJSIIOTCSI KBaJApPaTHBIMH MaTpULAMM
pasMepHOCTH 2 x 2. [Ipu uncsie cocTossHUI n — 00pa3yloTcst KBaipaTHble MATPULLbl pA3MEPHOCTH 1 X
n. Jlnsa cayuasi 6eCKOHEUHOro YucJia COCTOSIHUN onepaTopbl SIBJISIOTCS KBaJApaTHbIMU MaTpUUAMU
OECKOHEUHOW Pa3MEPHOCTH.

Jlnist cayuast, Korja orepatop F' — UMeeT HerpepbiBHbIi CHIEKTp, ypaBHerHe ( -) eCTh:

F|F)=f|F), (2.55)

u Bmecto ([2.51)), mefictBysi anasoruunHo BeiBomy ypaBHenusi (2.51]) mosyunm wunTerpasbHoe
paBEHCTBO:

(F|A) = / (F|S|F'){F'|B)dF". (2.56)

~

Takum o6pasom, ecsau CHEKTp onepatopa HeNpepbiBeH, onepatop S CTAHOBUTCH SPOM
MHTerpajbHoOro rnpeobpasoBanusi. B ciayuae, ecau S = F, $§Apo MHTerpajbHOro
npeoGpasosanus ([2.56)) umeer Bua:

(F|S|F'Y=(F|F|F') = Spp = f'6(F — F'), (2.57)
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rne §(F — F')— nenvra-dynkuns Iupaka. Onepatop B TOM YacTHOM cJjyuae (orepaTtop B
CBOEM COOCTBEHHOM IPEJICTABJIEHHH ) IBJSIETCS] OECKOHEUHO MEPHOU HeNpepbIBHOK JMaroHaJbHON
MaTpHULeH, Ha [JIABHOU MaroHaJu KOTOPOH pacnoJioxKeHbl COOCTBEHHbIE 3HAUEHHUS OTlepaTopa.
Hanpumep, koopauHata (uacTHllbl) x — TpPUHUMAET HENPEPbIBHbIA psifl 3HAueHHH. $Sapo
MHTerpasibHoro npeodpasosanust (2.56)) onepatopa KoopaHHATbI B KOOPAUHATHOM MPEJICTABJIEHHH,

B cooTBeTcTBHH C (2.50)), ([2.57]) ects:
(x|&]a") = 2" 6(x — ). (2.58)

Taknum o6Gpasom, orepaTop KOOPAMHATHI B KOOPAMHATHOM IPEACTABJIEHUH €CTh YMHOXKEHHE Ha
KoopauHaty x (& = x), a ypaBHeHue ((2.47]) B KOpAMHATHOM TpEICTABIEHUN UMEET BUL:

<x|A> :x<x‘B>. (2.59)

AHasorMYHO, eI UMITYJIbC YACTULBI B CUCTEME TPUHUMAET HEMpepbIBHBIH Psijl 3HAUEHHH, MOJYUHM,
YTO OTEPATOP UMITYJIbCA B UMITYJIbCHOM MPEJICTABJIEHHH €CTh YMHOXKEHHE Ha UMMTYJbC (P = p).

Kak yxke oTmeuasoch BbIllle, KOHKPETHBbI BHJ yPaBHEHHH KBAHTOBOH MEXaHHUKH MOXKET
ObITh TOJIyYeH B TMPeJACTaBAEHUH JI060H (PU3NUECKON BEJMUWHbBI UM JIHHAMUUYECKOH MepeMeHHOH.
Mcropuuecku TiepBble ypaBHEHHSI KBAHTOBOHW TeOPHUHM ObIM YCTAHOBJEHbl HE3aBUCHMO B
KoopauHaTHOM nipejcTanienuu ([ peaunrep) u snepretuueckom npeacrapsenuu (leizenbepr). Tak
ypastenue ([2.40]) B KoopanHaTHOM Npe/CTaBIEHHH HMEET BUIL;

m%@ ) = H{z|y). (2.60)

3aech (z ‘1/}> = 9(x,t) — BosHOBast PyHKIMS B KOOPMHATHOM MpPeJCTaBleHnH, a H — onepaTop
[amMubTOHAa B KOOPIMHATHOM TIpeJCcTaBjeHud. [l OfHOWM UacTHIlbl MaccChl m, HaxXoJslledcs B
MOTEHIHAILHOM T10JIe ¢ TIOTeHIMaNbHON sHeprueil U(x) (s ofHOMepHOTo cJyuast) ornepatop H
€CTh:

H=T+U=—+4U(x). (2.61)

Jlsisi ompeiesiennsi siIBHOrO Buga H HEOOGXOUMO YCTAHOBHTb BHA ONepaTopa HMIyJbca B
KOOPJMHATHOM NPECTABJIEHHH, TAK KK BUJL OIlepaTOpa NOTEHUHUAJLHON SHEPIUU B KOOPAMHATHOM
npencrasJenny, B cuay (2.58), (2.59)) coBnanaer ¢ norenuunanbHoit GyHKLHEH,

B cuiy Toro, uto oreparop HMMIIyJbCa B HMITYJbCHOM MPEICTABJIEHHH HM3BECTEH — 3TO
eCcTb YMHOXKEHHe Ha MMIyJbC, BO3HHKAeT 3ajlaua HaxOXKJIEeHWsi BHJIA olepatopa HMIyJbca B
KOOPJMHATHOM T1PEICTABJIEHHH.

J1Jist COCTOSIHKE C ONpeeJIeHHbIM 3HAUEHHEM UMITYJ/IbCa, (COCTOSHUI HENPEPLIBHOIO CIIEKTPa )
MMeeT MECTO PAaBEHCTBO:

(o' |p) = d(p — ). (2.62)

B cuity ycs1oBHst OTHOTBI COCTOSTHUH € OTPeJIe/IEHHbIM 3HaueHHeM KoopauHatel [ |z) (x| dz = 1,
neperuitem (2.62)) B Buze:

o

<p' ’p>:/<p"x><x|p>dx:§(p—p'). (2.63)

—0o0
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[To onpenenenuto <x ]p> = 1,(x) — DyHKUHS COCTOSIHHUS C ONpeieJIeHHbIM 3HaUEeHHEM HMITyJIbca

B KOOP/IMHATHOM IpejcTaBiiennu, a (p/ |a;> = (z |p’>* = 95 (T) — KOMILIEKCHO CONpsiKeHHast

CbYHKI_LI/lﬂ COCTOSIHHUSI C OIIPENC/ICHHBbIM 3HAaUC€HHEM UMITYJIbCa B KOOPAUWHATHOM IIpeACTABJICHHUH, TO

ectb ([2.63]) umeer Bux:
[ v v de =56 ). (2.64)

Jast § —pynxumu Jlupaka u3BeCTHO UHTErpaibHOE OTpe/iesieHHe:

[e.9]

/ exp iz (k — k)] dz = 27 6(k — k). (2.65)
Takum o6paszom:
<1: ‘p> = () = \/217r_h exp (2%:6) : (2.66)

OueBuiHO, UTO CHIEKTpP ornepaTopa He 3aBUCHUT OT THUIA MPECTaBJEHHUS U, HalpUMep, YpaBHEHHE Ha
coOCTBeHHble (DYHKLMHU orepaTopa UMIyJbca B KOOPJMHATHOM MPEJCTABJACHUU D, HMEET BUJL:

Pl [p) =p(z|p). (2.67)

Ha ocuoBanun (2.60)) MOXKHO yCTAHOBHTb, UTO OMEPaTOpP MMIYJbca B KOOPJAMHATHOM
NpeJICTaBJIEHUH €CTh!

L0
Dy = —ih—. (2.68)
ox
B pesysbrate omHomeproe ypaBhenue [llpemunrepa ajst yactuiibl B nojie U(x) B KOOPAKHATHOM
MpeJCTaBJeHHH HMEeET BUJL yPAaBHEHHST B YACTHBIX TPOM3BOIHBIX:

Cop(xt) [ O
ih= 2 = | =g o + Ulw) | (). (2.69)

BosiHoBast (hyHKIHMsI B KOOpJAMHATHOM MPEJICTaBJCHUM OOBIYHO M HA3bIBAETCS] BOJHOBOH
¢byHkipmed. BosHoBasi (yHKIMS yIOBJAETBOPSIET CJEIyIOIIEH CTATUCTHUECKONH WHTEpIIpeTalllu:
|¢)(x,t)]* dr —ecTb BEPOSITHOCTb OOHAPYXKHTb UYACTHIy B MHTepBaje x = T + dr B MOMEHT
BpemeHd t. Ha BOJIHOBYIO (YHKIMIO B KOOPAMHATHOM MPEJICTABJIECHHM HAKJAbIBAIOTCS TPH
YCJIOBHSI, KOTOPbIE HA3bIBAIOTCS] CTAHAAPTHBIMHU. A HMEHHO, BOJHOBAsT (PYHKIIMS JIOJPKHA ObITh:
OrpaHUYeHOM, HeMmpPepPbIBHOM U 0OJHO3HAYHOM (DYHKIHEH CBOUX MEPEMEHHBIX.

CraTHcTHuecKasl MHTeprperaldsi (YHKIHH COCTOSIHUSI B TPOU3BOJILHOM IPEACTaBJICHUH
OTparkaeT BepPOSITHOCTHBIA XapakTep MPUHIMIIOB KBAHTOBOH MEXaHHKH M HMEeT aHaJOTHYHbIN
CMBICJI.
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2.3 TpaHchopmauroHHbI€ CBOMCTBA KBAHTOBBIX COCTOSIHUM

V3BecTHO, uTO TOHSITHE CHUMMETPUHM (DU3MUECKOH CHCTEMbl TECHO CBSI3aHO C 3aKOHAMU
coxpaHenust. Hasuve cuMMeTpun B (DU3MUECKOH CHCTEMe BbIpAXKAaeTCsi B COXpaHEHHH ee
(u3HUecKHX CBOWCTB MpH ONpe/ieJieHHbIX TpeoOpasoBanusix. [lpeoGpasoBanusi CBsi3aHbl ¢
YHHTapHBIMH OTlepaTopaMu, JeACTBYIOLIMMH Ha CHCTEMY MJIH Ha KOOpIMHATHBIH 6asuc. PaccmoTrpum
JIefCTBUE JIMHEHHOrO YHUTApHOTo npeoGpasoBanusi U Ha BEKTOPbI COCTOSIHUE cucTeMbl {[iy,)},
NpUBOJsLLee K HOBBIM cocTostHUusAM {[¢]) }.

W) =Uln), UM =U" (2.70)

Takum yHuTapHbIM NpeoOpazoBaHHeM MOKeT ObITb, HArpuMep, CABHI BO BPEMEHH, CJABHUI B
NPOCTPAHCTBE, BpallleHHe CUCTEMbl KOOPJIMHAT OTHOCUTE/ILHO HayaJsia KOOPJMHAT U T.II.

Hanomuum, uTo B KJ1aCCHUECKOH TEOPUH U3 MPUHLMITA OJTHOPOJAHOCTH BPEMEHH BbITEKAET 3aKOH
COXPAHEHUsI SHEPTUM CHUCTEMbl, U3 MPUHLIMIA OJHOPOJHOCTH MPOCTPAHCTBA — 3aKOH COXPaHEHUs
UMITYJIbCA, M3 MPHHUMIIA M30TPONUM MPOCTPAHCTBA — 3aKOH COXPAHEHHS MOMEHTA HMMITYJbCa.
B cBoo ouepelb NPUHUMIBLI OJAHOPOJHOCTH W H30TPONHH TMO3BOJISAIOT ONPEAEJsITh JIMHEHHbIE
npeo6pazoBaHKsi, COOTBETCTBYIOLLME CABUTY M0 BPEMEHH, CIBUTY HayaJsla KOOPAUHAT B TPEXMEPHOM
NPOCTPAHCTBE, TOBOPOTY CUCTEM KOOPJMHAT U T.JL.

PaccmarpuBasi ckasisipHoe Npou3Be/ieHre peoOpasoBaHHbix cocTosiHui ([2.70)):

(U, [Un) = (Uu| UU | o) = (W |thm) (2.71)

BUJIHO, UTO TMPU YHHUTApHBbIX TNpeoOpazoBaHUsAX 'JJMHA"  BeKTOpa COCTOSIHUH M "yroq"
MeXJly BEKTOpaMH B IMpocTpaHcTBe coctosinuil { (Y |} coxpansitoresi. 3yech nousitue "yrog"
MCIOJb30BAHO HA OCHOBE aHAJOTHH CO CKaJIIPHBIM TPOU3BEJIEHHEM BEKTOPOB B TPEXMEPHOM
NPOCTPAHCTBE.

Ornpejlesisisi  HeKOTOpOe YHHTapHoe MpeoGpasoBaHue Hajx BekropoM cocrosiHuit ([2.70)),
HeOOXO0/IMMO YCTaHOBUThL KaK MEHSIOTCSI oriepaTopbl HabJII0JaeMbIX TPH TaKUX MPeoOpa30oBaHHUSsIX.
Jly1s1 5TOro paccMOTPUM MaTPHUHbLIA JIEMEHT NPOU3BOJILHOIO oneparopa Q n Tak kak UTU = 1,
MOJTYYHM:

(U Q| ¥m) = (0| UTUQUIU [ 4h) = (41| UQUT [4},) = (1, Q' | ¥1) (2.72)
Takum o6pa3om npu yHMTapHbIX TpeoOpa3oBaHuUsIX onepaTop () npeoOpasyercs Mo 3aKoHy:
Q =UQU'=UuQU™! (2.73)

Oneparop U, onpenessiiolliiii yHuTapHoe npeoOpa3oBaHue, MePEXoaUT B eIMHUUYHYI0 MaTpHiLy I,
eCJ/IM BbI3BaHHOE MpeoOpa3oBaHUeM U3MEHEeHHe & HEKOTOPOH MepeMeHHOH CTpeMHUTCsl K HyJito. B
9TOM CJiyuae, s MaJblX €, U MOXKHO MPEICTABUTh B BULE:

U=1+iceT, (2.74)

rjie e— 6eCKOHeUHOe MaJioe uncsio, a onepatop 1’ onpeessieT 6eCKOHEUHO MaJjioe mpeoGpa3oBaHue
M Ha3blBaeTcsi reHepatopom OecKOHe4yHO MaJjoro mnpeo6pasoBaHus. [l Toro, uToObI
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YJIOBJIETBOPUTDH YCJIOBHIO UTU = I, ¢ TOYHOCTBIO 10 GECKOHEUHO MaJIbiX nopsiika €, Heo6X0JIMMO
yto6bl T = TT. Tak Kak

UU =1 —ieTN(A +ieTh) ~ 1 +ie(T = TH + 0(e?) = 1 + o(e?).

Takum o6pa3om, reHepaTop O€CKOHEUHO MaJoOro MnpeoOpPa3oBaAHUST SIBJASETCS SPMUTOBCKUM
onepaTopoM, a, CJAe0BATEIbHO, CBA3aH C HAOJI01aeMOH.

JIBa nocJieoBaTe/IbHbIX YHUTAPHBIX PpeoOpa3oBaHusl TAKKe 10T yHUTapHOE peoOpa3oBaHue.
B cBs13u ¢ 3TUM, n-nocJe10BaTeIbHbIX 6€CKOHEUHO-MaJbIX TPeo6pa3oBaHui, KaxK10e U3 KOTOPbIX
BbI3bIBAET H3MeHeHHe A = £/n, onpeJleJiieTCsi OrepaTopoM:

U= [1 + @AT]”. (2.75)

[Ipenen npu n — 0o, MPUBOAMUT K MOHSATHIO OMepaTopa KOHEYHOTO peobpa3oBaHUs:

U = lim [1 + @%T]“ = exp <25T> - f: (i) . (2.76)

e kK
k=0

Tak Kak orepaTop KOHEUHOro YHUTapHOro npeobpazosanst (2.76|) onpenessiercst onepatopom T, To
oueBHIHO, uTo KoMmyTatop [U,T'| = 0. D10 03HauaeT, uTo COOCTBEHHbIE COCTOSIHUS T siBasiioTCst
OIHOBPEMEHHO M COOCTBEHHBIMH 151 U, a COOCTBEHHBIE 3HaueHUst orepatopa 1’ He M3MEHSIOTCSI
(coxpansitotes) npu AeficTBuu oneparopa U.

MHBapuaHTHOCTb CHUCTEMbI 110 OTHOLUEHHIO K YHUTAPHOMY MpeoOpa3oBaHMIO OMpeesseT
3aKOH COXpaHeHHsI COGCTBEHHBIX 3HAUYEHWI SPMUTOBCKOrO orepatopa 1, 4TO COOTBETCTBYeT
orpejieJIeHHOMY 3aKOHY COXpaHeHHst (PU3UUeCcKOH BeJTMUnHbI 1.

1. CaBur Bo BpeMeHH

Paccmortpum npeo6pasoBanuie 7'(7), KOTopoe MepeHOCHT (DU3HUECKYI0 CHCTEMY BO BpEeMeHH
U3t Bt + 7, WKW MEHSIET BDEMEHHYI0 KoopauHaTy ctHat' =t — T

T(r)|t) =t =|t—7). (2.77)
Ecusiv uameHenune BpeMeHu T MaJio, To opMasibHOe passioxkenue coctositus |¢') B psia Teitnopa
JaeT:
) 1 2 0
/ —_— J— — _— — 2— PR p— - PR
[t = |t) + ( T>8t t) + 2!( 7) e t)y+-- =exp ( Tat> |t) . (2.78)

B pesysbrate, cpaBHUBas () C (), ¢ yuetom ypaBHenusi [lIpenunrepa (ih% ) =
H [¢)) HAXO/WM, UTO OMEPATOp CABHIA BO BPEMEHH €CTh!

T(t) = exp (%tﬁ]) , (2.79)

rne H — onepatop lamusbrona. Onepatop () SIBJISIETCS OMEPATOPOM CJIBUTa BO BpEMEHHU
JUIST COCTOSIHHH B KOTOpPbIX H caMm §IBHO He 3aBUCHUT OT BpeMeHH. To ecTb cummerpus
CHCTEMbI, CBSI3aHHAS C OJJTHOPOJHOCTLIO BPEMEHH, PUBOAUT K 3aKOHY COXPAHEHHUS] SHEPTHH,

17



Tak Kak coOCTBEHHBIMH YHCJIaMu oniepatopa [amusibToHa siBasiiotes sHeprun H n) = E, [n).
M3mMeHeHHe KBAaHTOBBIX COCTOSIHUE BO BPEMEHH ONpPeJIe/IsieTCsl B TOM CJlydae BblpaKeHHeM:

() = T(—1) [9(0)) = exp (——tH) 46(0)) = exp (——tEo) BO).  (280)

3nech FEo— Heprusi COCTOsIHKSI CUCTEMbI B HauaJibHbIl MOMeHT BpeMenu. Omnepartop U(t) =
T(—t) = T(t)" Ha3biBaeTCsl ONEPATOPOM IBOIOLUUH.
. CaBur B npocTpaHcTBe

OnHoMepHbIit oriepatop caBura D(z), nepeMelaolimil CHCTEMY U3 TOUKH Zg B TOUKY Zo + 2 H,
CJIefloBaTe IbHO, H3MEHSIIOIIMI KOOPJMHATY C 2 Ha 2’ = 2o — z OMNpejiesisieTcsl PaBEHCTBOM

D(2)|20) = |2') = |20 — 2). (2.81)
AHaJIorHuHO NMpeblIyIeMy cJIydato, eCJii rnepeMelleHie MaJo, NoJayuum
B 1 d? B
12') = |20) + (—2)8—20 |20) + ﬁ(—z) 572 — |20) + -+ = exp <_287> |20) (2.82)
UJau
D(2) = exp <—z’z %) : (2.83)
rae p, = —ih %— MPoeKLUs oriepatopa UMIyJbca Ha ocb z. JLs1 TpeXxMepHOro caBura, Ha

BekTOp 7, 060011eHHeM ([2.83)) siBastercs:
D(7) = exp (—%F-ﬁ) , (2.84)

rmue p'= —ihV— omneparop UMIYJIbCa B KOO JIMHATHOM IIpeACTaBJICHHH.
p

. BpaueHue B npocTpaHcTBe

OnepaTop [TOBOPOTA BOKPYT OCH z Ha YIroJi ¢ Olpeae/ideTcsa paBeHCTBOM!

R.(¢) o) = 1&') = o — ). (2.85)
AHaJIOTHUHO MPEIbILYLIHM CJTydasiM:
|¢') = exp (—s@i) |00) = exp <—i& s@) [0) (2.86)
dpo h
rae L, = —ih -2~ oneparop MoMeHTa umyJibca L = [ x p]. JLnist IpOH3BOJIBHOrO BpAILEHHS!
BOKPYT OCH 71 Ha yroJi o, 06061enue (2.86]) ects:
Ra(a) = exp (—% (T ﬁ)) : (2.87)

rae J — oneparop yrJoBOro MOMEHTa CUCTEMBI.

OnepartopoM yrJioBOro MOMEHTa HasblBaeTcsi Jl0OOH BEKTOpPHbIH —onepatop 7,
Y/I0BJIETBOPSIIOILMH KOMMYTALMOHHBIM COOTHOLLIEHHSIM:

[Ji» 51 = i€ijndn (2.88)
IJIe €;;5— MOJHOCTbIO AHTHCUMMETPHYBIH, €AMHHUHbII TEH30P TPETbEro paHra (cumMBoJ1 J1eBu-
UusuTa).
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